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In this letter it is shown that the Horˇava-Lifshitz gravity theory admits Lorentz symmetry pre-
serving preferred global time foliation of the spacetime.
PACS numbers: 04.60.Bc, 04.50.Kd
The possibility that gravity may exhibit a preferred
foliation at its most fundamental level has attracted a lot
of attention recently, mainly due to the Horˇava’s papers
[1–3] devoted to gravity models characterized by certain
specific anisotropic scaling between space and time. The
leading idea of the Horˇava approach to the quantization
of gravity is to achieve power-counting renormalizability
by modifying the graviton propagator. This is obtained
by adding to the action terms containing higher order
spatial derivatives of the metric which, in turn, naturally
leads to the preferred co-dimension one foliation F of
space-time manifold M topologically equivalent [1–3] to
R1 × Σ. The resulting theory, known as the Horˇava-
Lifshitz (HL) gravity, is then invariant under a group of
diffeomorphisms Diff(F ,M) preserving this foliation
t˜ = t˜(t), x˜i = x˜i(t, xi) (1)
where i = 1, 2, ..., D. The above mentioned anisotropic
scaling characterizing HL gravity is of the form
t −→ bzt, x −→ bx. (2)
Thus the (momentum) dimension [t] = −z, [xi] = −1, so
the light velocity c has the dimension [c] = z−1. When z
equals the number of spatial dimensions D the theory be-
comes power-counting renormalizable provided all terms
allowed are compatible with the gauge symmetries in the
action.
The HL theory is naturally described by the ADM
decomposition [4] of the relativistic metric, namely by
the lapse function N ([N ] = 0), the shift vector N i
([N i] = [Ni] = z−1) and the metrics γij ([γij ] = 0) on the
spacial slices Σ. In the HL gravity the lapse N = N(t)
is only a function of time t which is constant along Σ
whereas the shift vector N i depends on the spacetime
point (t,x). In terms of the ADM variables the metrics
can be written as
ds2 = gµν dx
µ dxν
= −c2N2 dt2 + γij( dxi +N i dt)( dxj +N j dt) (3)
The HL action, respecting the symmetries Diff(F ,M)
is [1–3]
S =
2
κ2
∫
dt dDx
√
γN
[(
KijK
ij − λK2)− V ] , (4)
where K = Kii, λ is a dimensionless coupling constant
and
Kij =
1
2N
(∂tγij −∇iNj −∇jNi) (5)
is the extrinsic curvature of the leaves hypersurface Σ. A
scalar potential function V is built out of the spatial met-
rics, the spatial Riemann tensor and its covariant spatial
derivatives but is independent of the time derivatives of
fields. For a review and extensions of the Horˇava’s ap-
proach see [5–8]. In the following we restrict ourselves to
the physically important z = D = 3 case.
One of the problems of the Horˇava-Lifshitz gravity
is that this theory does not exhibit Lorentz symmetry.
A proposed way out of this situation is an appropriate
preparation of the potential to restore dynamically local
Lorentz invariance in the low-energy limit [1–3]. How-
ever, for each finite energy scale the Lorentz symmetry
is in fact broken. In this letter we suggest a way to over-
come the difficulty with the Lorentz symmetry in the
Horˇava-Lifshitz gravity in a physically acceptable way.
To do this let us consider a coordinate independent so-
lution to the model defined by the action (4) where the
potential V is chosen as in Ref. [1] with the cosmological
constant equal to zero. Namely, let us choose the shift
vector N as
N =
−c ǫ
1− ǫ2 (6)
with 0 ≤ ǫ2 < 1, while the lapse N is given by
N =
1√
1− ǫ2 . (7)
Furthermore, the space metrics is chosen as
γ = (I − ǫ⊗ ǫT), (8)
where T denotes transposition of the coordinate indepen-
dent dimensionless column vector ǫ = (ǫa), a = 1, 2, 3.
With help of the classical equations of motion [9] it can
be verified that the equations (6-8) define the flat solu-
tion to the HL theory determined by (4). The spacetime
metrics (3) takes the form
ds2 = ζαβ dx
α dxβ
= −c2 dt2 − 2cǫ · dxdt+ dxT(I − ǫ⊗ ǫT) dx (9)
2with the metric tensor
ζαβ =
( −1 −ǫT
−ǫ I − ǫ⊗ ǫT
)
. (10)
Here α, β = 0, 1, 2, 3. It is easy to see that the metrics
form (9) is related to the Minkowski spacetime as well
as the space geometry is Euclidean. Now, let us consider
the standard rotations
t′ = t, x′ = Rx, ǫ′ = R ǫ, (11)
where R belongs to the group of orthogonal matrices, and
the transfromations defined by
t′ =
t
a+ a · ǫ , (12a)
x
′ =
(
I + a⊗ ǫT + a⊗ a
T
1 + a
)
x+ act, (12b)
ǫ
′ =
1
a+ a · ǫ
[
ǫ+ a
(
1 +
a · ǫ
1 + a
)]
, (12c)
where a parametrizes the standard Lorentz boost L(a)
L(a) =
(
a aT
a I + a⊗a
T
1+a
)
, (13)
with a =
√
1 + a2. It can be shown that the transfor-
mations (11-12c) taken together form the realization of
the Lorentz group and it is obvious that they do not
destroy the foliation F . Consequently, they do not af-
fect absolute simultaneity and causality characteristic to
the Horˇava-Lifshitz model. Moreover, the metrics (9) is
form invariant under the transformations (11-12c). We
point out that in view of (11-12c) the above transforma-
tions form a nonlinear realization of the Lorentz group
[10, 11]. Nonlinearity affects the coordinate independent
vector ǫ only, whereas x and t transform linearly. The
nonlinear realization (11-12c) was firstly introduced in a
different context and form in [12] and was applied to the
localization problem in the relativistic quantum mechan-
ics [13, 14] as well as to a Lorentz-covariant formulation of
the statistical physics [15]. There is a simple relationship
between the standard Lorentz transformations and those
given by (11-12c). Indeed, introducing the new time co-
ordinate by the affine transformation (not belonging to
the Diff(F ,M))
tE = t+
ǫ ·x
c
(14)
we arrive at the standard Minkowski form of the met-
rics (9). Moreover, we can easily recover for x and tE
the standard Lorentz transformations in the standard
pseudoorthogonal frame. Thus the time redefinition (14)
should be interpreted as the change of distant clock syn-
chronization [16–20]. Consequently, the vector ǫ plays
the role of the Reichenbach synchronization coefficient
[16, 21].
Now, it is not difficult to apply the above Lorentz co-
variant flat solution as the local reference frame in a gen-
eral case. This can be done by introducing the tetrad
fields ωα = λαµ dx
µ satisfying
ζαβω
αωβ = gµν dx
µ dxν , (15)
with ζαβ and gµν given by (9) and (3) respectively. The
solution has the form
ω0 = (cN − ǫaeaiN i) dt− ǫaeai dxi, (16a)
ωa = eai ( dx
i +N i dt), (16b)
where the triads eai determine the space metrics e
a
i e
a
j =
γij . The tetrads ω
α transform with respect to the in-
dex α according to the law (11-12c) treated as the frame
transformations. Notice, that in general the synchro-
nization vector ǫ is frame dependent because it trans-
forms from frame to frame according to the formula (12c).
In particular, we can specify the boost parameter a to
obtain the synchronization vector ǫ equal to zero in a
distinguished frame. In this peculiar frame related to
the preferred foliation F the Einstein synchronization
convention applies. It can be shown [13, 14] that the
synchronization vector ǫ can be related to the velocity
of the preferred frame. Finally, let us stress that the
synchronization change (14) does not affect the physi-
cal content of theory on the classical level because of the
conventionality of the synchronization procedure [16–21].
However, it breaks the quantization procedure essential
to the Horˇava approach. This can indicate that result
of quantization depends on the adapted synchronization
scheme. Concluding, the Horˇava-Lifshitz gravity admits
Lorentz symmetry preserving preferred global time foli-
ation of the spacetime. This symmetry can be related to
the standard Lorentz transformations by the frame de-
pendent change of synchronization (14) to the Einstein
one. However, (14) breaks the preferred foliation of the
HL gravity. Thus the HL theory forces Lorentz symme-
try realized in the synchronization scheme related to the
transformation laws (11-12c). Our observation can be
also applied to the causal dynamical triangulation the-
ory [22], where the global time foliation is assumed too
(however see [23]).
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